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Abstract
Let H be a hereditary abelian k-category with tilting object and Db(H) denote the bounded derived category of H. This paper
is devoted to a study of suspended subcategories of Db(H) by means of their Ext-projectives.
c© 2007 Elsevier B.V. All rights reserved.
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0. Introduction
The concept of a t-structure in a triangulated category T was introduced in the early eighties in [10]. It was
meant as a technique for constructing various abelian subcategories of T (“hearts” of the t-structures) and is
helpful for understanding the structure of T . Our motivation for their study comes from the representation theory
of Artin algebras, which involves the derived category as an essential tool. There, t-structures are useful due to their
relationship with tilting theory (see, for instance, [12,17]). In [17], Keller and Vossieck exhibited a bijection between
t-structures in a given triangulated category T and contravariantly finite suspended subcategories of T , called aisles.
Our objective in this paper is to study t-structures and aisles, from the point of view of the Ext-projectives. The
concept of Ext-projective in a subcategory of a module category was introduced by Auslander and Smalø in their study
of relative almost split sequences [7]. Since then, they were useful in various contexts (see [1,4,11]). In our situation, it
follows from [17,11] that the Ext-projectives in an aisle U are the projectives in the heart of the t-structure determined
by U . Moreover, if U is generated by the Ext-projectives, then the heart of the t-structure is a module category. This
explains our interest in them.
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We describe the contents of the paper. We first study some of the immediate properties of Ext-projectives. These lay
the ground for the main result, which we now state. We refer the reader to Section 2 for the definition of exceptional
sequence.
Theorem (A). Let k be an algebraically closed field,H be a hereditary abelian k-category with tilting object, and U
be a suspended subcategory in the bounded derived category Db(H). Then
(a) The indecomposable Ext-projectives in U can be ordered to form an exceptional sequence.
(b) The number of isomorphism classes of indecomposable Ext-projectives in U does not exceed the rank of K0(H).
We then observe that an Ext-projective in an aisle is a silting object, in the sense of [17], and that the suspended
subcategories in Db(mod A) (when A has finite global dimension) having a given silting complex as Ext-projective
form a partially ordered set having a unique maximal and a unique minimal element (compare with [4] (1.3)).
Returning to the case of the bounded derived category of a hereditary category H with tilting object, we deduce a
procedure which we call “deconstruction of aisles”. For the definition of the operations * and ⊥, and for the notation
UM , MU and BM we refer the reader to the text.
Theorem (B). Let k be an algebraically closed field, H be a hereditary abelian k-category with tilting object and U
be a suspended subcategory of Db(H). Let M be an object in Db(H), then
(a) M is a silting complex if and only if M is Ext-projective in UM ∗ (U ∩ B⊥M ).
(b) The following conditions are equivalent
(i) M is Ext-projective in U .
(ii) U = UM ∗ (U ∩ B⊥M ) and M is a silting complex.
(iii) U = UM ∗ (U ∩ B⊥M ) and U⊥ = (U⊥ ∩ B⊥M ) ∗ τMU .
As a consequence, aisles in Db(H) such that the number of isomorphism classes of indecomposable Ext-projective
objects equals the rank of the Grothendieck group K0(H) ofH are in bijection with silting complexes having the same
number of isomorphism classes of indecomposable summands.
Our final section contains an application to the class of supported algebras. Let A be a finite dimensional algebra
over a field k. In [16], Happel, Reiten and Smalø introduced the class LA which consists of the indecomposable
A-modules all of whose predecessors have projective dimension less than or equal to 1. Left supported algebras were
defined in [3] as being those algebras A such that the additive closure of LA is contravariantly finite in mod A (see
also [2]). Here, we characterize left supported algebras using aisles.
1. Basic definitions and results
In this paper, we assume that k is a commutative field, and that T is a triangulated Krull–Schmidt k-category. Given
a full subcategory U of T , we write X ∈ U to express that X is an object in U . For i ∈ Z, the i th-translate of X ∈ T
is denoted by X [i]. The right and the left orthogonal of U are defined by
U⊥ = {Y ∈ T |HomT (X, Y ) = 0 for every X ∈ U}
⊥U = {Y ∈ T |HomT (Y, X) = 0 for every X ∈ U}.
A full additive subcategory U of T , closed under direct summands, is suspended if it is closed under positive
translations and extensions, that is,
1. if X ∈ U , then X [i] ∈ U , for every i > 0, and
2. if X → Y → Z → X [1] is a triangle in T with X, Z ∈ U then Y ∈ U .
The dual notion is that of a cosuspended subcategory.
We recall the following definition from [7] originally made in the context of module categories. Let U be a full
additive subcategory of T closed under extensions, and X be an object in U .
1. X is called Ext-projective in U if and only if HomT (X, Y [1]) = 0 for all Y ∈ U .
2. X is called Ext-injective in U if and only if HomT (Y, X [1]) = 0, for all Y ∈ U .
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Remark 1.1. (a) Let U be a full additive subcategory of T . A non-zero object X in T is Ext-projective in U if and
only if X ∈ U ∩ ⊥U[1]. Dually, X ∈ T is Ext-injective in U if and only if X ∈ U ∩ U⊥[−1].
(b) If X is Ext-projective in a suspended subcategory U of T , then clearly HomT (X, Y [i]) = 0, for all Y ∈ U and
all i > 0. Dually, if X is Ext-injective in a cosuspended subcategory U of T then HomT (Y [i], X [1]) = 0, for all
Y ∈ U and all i ≤ 0.
(c) If U is a suspended subcategory, then it has no non-zero Ext-injectives. Indeed, if X ∈ U were Ext-injective, then
X [1] ∈ U implies HomT (X [1], X [1]) = 0 and so X = 0. Dually, a cosuspended subcategory has no non-zero
Ext-projectives.
The following lemma is used essentially in the proof of our Theorem 2.3.
Lemma 1.2. Let U be a suspended subcategory in T and X be a non-zero Ext-projective in U then, for every
j 6= 0, X [ j] is not Ext-projective in U .
Proof. Suppose that j > 0 is such that X [ j] is Ext-projective. Then, for every Y ∈ U,HomT (X [ j], Y [1]) = 0.
Taking Y = X [ j − 1] (and observing that Y ∈ U) yields the contradiction X = 0. Let j < 0 be such that X [ j] is
Ext-projective in U . Now, X [ j] ∈ U implies X [−1] ∈ U because U is suspended, and then the Ext-projectivity of X
yields X [−1] ∈ U ∩ ⊥U = {0}. This contradiction shows that X [ j] is not in U , hence X [ j] cannot be Ext-projective.

We recall (see [10] (1.3.1)) that a t-structure on T is a pair of full subcategories (T ≤0, T ≥0) such that
(a) For any X in T ≤0 and Y in T ≥0[−1], we have HomT (X, Y ) = 0.
(b) T ≤0 ⊆ T ≤0 [−1] and T ≥0 ⊇ T ≥0 [−1].
(c) For any Y in T , there exist X in T ≤0, Z in T ≥0[−1] and a triangle
X → Y → Z → X [1] .
A suspended subcategory U of T is called an aisle (or a co-aisle) if the inclusion functor U ↪→ T has a right
adjoint τ≤0 : T → U (or left adjoint τ≥0 : T → U , respectively) (see [17]). It is shown in [17] (1.1), (1.3) that the
following conditions are equivalent for a suspended subcategory U of T :
(a) U is an aisle.
(b) (U,U⊥ [1]) is a t-structure.
(c) For any object Y in T , there is a triangle X → Y → Z → X [1] with X in U and Z in U⊥.
(d) U is contravariantly finite in T .
Finally, a triangulated subcategory B of T is called a Bousfield localization if the inclusion functor B ↪→ T has a
right adjoint.
The proof of the following lemma is implicit in [17] (5.1) and [11] (3.1). Recall that the heart CU of a t-
structure (U,U⊥[1]) is the subcategory CU = U ∩ U⊥[1]. By [10] (1.3.6), CU is an abelian category. We denote
by H0 = τ≤0τ≥0 : T → CU the associated cohomological functor (see [10] (1.3.6)).
Lemma 1.3. Let U be an aisle in T . Then
(a) If X is Ext-projective in U then H0(X) is projective in CU .
(b) The functor H0 |U∩⊥U [1] : U ∩ ⊥U[1] → CU is full and faithful.
Proof. (a) By [11] Ch. III (3.2), H0(X) is projective in CU if and only if
HomT (τ≥0X [−1],C) = 0
for all C ∈ CU , where the truncation τ≥0X [−1] is computed with respect to the co-aisle U⊥[1]. Consider the triangle
τ≤−1X → X → H0(X) → τ≤−1X [1].
Applying HomT (−,C[1]), with C ∈ CU , yields an exact sequence
HomT (τ≤−1X,C) → HomT (H0(X),C[1]) → HomT (X,C[1]).
426 I. Assem et al. / Journal of Pure and Applied Algebra 212 (2008) 423–434
Since X is Ext-projective in U and C ∈ CU then HomT (X,C[1]) = 0. Since τ≤−1X = τ≤0(X [−1])[1], we get
HomT (τ≤−1X,C) = 0 because C ∈ U⊥[1]. Therefore HomT (H0(X),C[1]) = 0 and our statement follows.
(b) follows from [17] Lemma (5.1)(d). 
Corollary 1.4. Let A be a finite dimensional k-algebra, and Db(mod A) be the derived category of bounded
complexes of finitely generated A-modules. The Ext-projectives in the so-called canonical aisle
D≤0,b(mod A) = {X ∈ Db(mod A)|H j X = 0 for all j > 0}
are just the projective A-modules. 
Recall that a triangulated Krull–Schmidt k-category T with finite dimensional Hom-spaces is said to have a Serre
duality if there exist a triangulated equivalence τ : T → T and, for all X, Y , an isomorphism
DHomT (X, Y [1]) → HomT (Y, τ X),
functorial in both variables, and called the Auslander–Reiten formula (see [18]). Here D = Homk(−, k) is the usual
vector space duality. Since τ is a triangulated functor, we can write unambiguously τ X [1] = (τ X) [1] = τ(X [1]).
An example of a triangulated Krull–Schmidt category with Serre duality is the derived category Db(mod A), where
A is a finite dimensional k-algebra with finite global dimension (see [12]).
Lemma 1.5 ([7] (3.4) (3.7)). Let U be a full additive subcategory closed under extensions of a triangulated category
T with Serre duality. Let X ∈ U be indecomposable. Then
(a) X is Ext-projective in U if and only if τ X ∈ U⊥.
(b) X is Ext-injective in U if and only if τ−1X ∈ ⊥U .
Proof. (a) By the Auslander–Reiten formula, X is Ext-projective in U if and only if DHomT (Y, τ X) '
HomT (X, Y [1]) = 0 for all Y ∈ U , that is, if and only if τ X ∈ U⊥. 
Corollary 1.6. Let U be a full additive subcategory closed under extensions of a triangulated category with Serre
duality T . Let X ∈ T be indecomposable. Then:
(a) If X is Ext-projective in U , then τ X is Ext-injective in U⊥.
(b) If, moreover, U is an aisle, then the converse also holds true (thus τ defines a bijection between the isomorphism
classes of indecomposable Ext-projectives in U , and Ext-injectives in U⊥).
Proof. (a) By 1.5(a) we have τ X ∈ U⊥. By the Auslander–Reiten formula, X is Ext-projective in U if and only if
HomT (Y, τ X [1]) ' DHomT (X, Y ) = 0 for all Y ∈ U⊥. Our statement follows.
(b) By [10], ⊥(U⊥) = U . Hence, by 1.5(b), τ X is Ext-injective in U⊥ and this implies X = τ−1(τ X) ∈ U . Also,
HomT (X, Y [1]) ' DHomT (Y, τ X) for all Y ∈ U , and therefore X is Ext-injective in U . 
2. Aisles in derived hereditary categories
From now on k will be an algebraically closed field. Let H be a hereditary abelian k-category with a tilting
object. A connected abelian k-category H is hereditary if the bifunctor Ext2H(−, ?) vanishes, and moreover the sets
HomH(X, Y ) and Ext1H(X, Y ) are finite dimensional k-vector spaces for all X, Y ∈ H. An object M ∈ H is called a
partial tilting if Ext1H(M,M) = 0. It is a generator if HomH(M, X) = 0 and Ext1H(M, X) = 0 imply X = 0, and a
tilting object if it is both partial tilting and generator. It was shown in [13] that, if H is a hereditary abelian category
with tilting object, then H is derived equivalent to a finite dimensional k-algebra A which is hereditary or canonical.
Since the global dimension of A is finite, it follows that Db(H) ' Db(mod A) has a Serre duality.
An object M in a triangulated category T is called a generator if HomT (M[ j], X) = 0 for all j ∈ Z implies
X = 0. The dual notion is that of cogenerator. Clearly, this notion of generator generalizes the above one.
Lemma 2.1. Let T be a triangulated category with Serre duality. An object M in T is a generator if and only if it is
a cogenerator.
I. Assem et al. / Journal of Pure and Applied Algebra 212 (2008) 423–434 427
Proof. Let M be a generator, and X be such that HomT (X,M[ j]) = 0 for all j ∈ Z. We claim that X = 0. Since
Serre duality holds in T , we have HomT (M[ j], τ X) = 0, for all j ∈ Z. Since M is a generator, τ X = 0. Hence
X = 0 and so M is a cogenerator. The converse is shown in the same way. 
Before stating and proving the next lemma, we recall that, by [14] (3.5), up to derived equivalence, we may assume
that H satisfies the additional condition that there is no non-zero morphism from an object of finite length to one of
infinite length. For quasi-tilted algebras, we refer the reader to [16].
Lemma 2.2. Let M be a partial tilting object inH. Then EndH(M) is a quasi-tilted algebra.
Proof. It follows from [16] II 1.15. 
A sequence (Mi )i≥1 of indecomposable objects in Db(H) is exceptional if
(1) HomDb(H)(Mi ,Mi [ j]) = 0 for all i ≥ 1 and all j > 0, and
(2) HomDb(H)(Mi ,Ml [ j]) = 0 for all i < l and all j ∈ Z.
If A is a triangular algebra, then the indecomposable Ext-projectives in the canonical aisle, which are the
indecomposable projective A-modules (see (1.4)), can be ordered to form an exceptional sequence. This is clearly
not the case if A is not triangular.
Theorem 2.3. Let U be a suspended subcategory in Db(H). Then
(a) The indecomposable Ext-projectives in U can be ordered to form an exceptional sequence.
(b) The number of isomorphism classes of indecomposable Ext-projectives in U does not exceed the rank of K0(H).
Proof. (a) If Mi and M j are indecomposable Ext-projectives in U , we know that there exist indecomposable objects
X i , X j inH, and integers ki , k j ∈ Z such that Mi = X i [ki ] and M j = X j [k j ]. By (1.2) Mi 6= M j implies X i 6= X j .
Fix k ∈ Z, and consider the set (X i [k])i∈I of all Ext-projectives which are concentrated in degree k. Note that, for
all i, j , we have Ext1H(X i , X j ) = HomDb(H)(X i [k], X j [k + 1]) = 0 by definition of Ext-projectives. Hence, for each
finite subset F ⊂ I , the direct sum ⊕F X i ∈ H is a partial tilting complex. By [15] (1.2), |F | ≤ rkK0(H) and hence
|I | ≤ rkK0(H).
By (2.2), the algebra B = EndH(⊕i∈I X i ) is quasi-tilted, hence triangular. This allows to order the projective
B-modules Pi (which are in one-to-one correspondence with the X i ) so that HomB(Pi , Pj ) = 0 for all j > i . Hence,
the objects X i can be ordered inH so that HomH(X i , X j ) = 0, for all j > i.
This shows that, for each k ∈ Z, the set (X i [k])i∈I can be ordered to form an exceptional sequence.
We now consider two Ext-projectives in U of the forms X i [ki ] and X j [k j ] with ki > k j . The definition of Ext-
projective yields
HomDb(H)(X i [ki ], X j [k j + l]) = 0
for all l > 0. Setting l = ki − k j +1, this yields Ext1H(X i , X j ) = 0. On the other hand, sinceH is hereditary, we have
HomDb(H)(X i [ki ], X j [k j ]) = 0.
We proceed to order the Ext-projectives in U in such a way as to form an exceptional sequence. Let
X+ = (X i [ki ])ki≥0, and X− = (X i [ki ])ki<0.
We order each of the sets X+ and X− as follows. For each k ≥ 0, the above argument shows that the Ext-projectives
concentrated in k can be ordered so as to form an exceptional sequence
Sk = {Xk1 [k], . . . , Xksk [k]}.
Given 0 ≤ k < l, set Sk < Sl . Then, clearly,
Sk ∪ Sl = {Xk1 [k], . . . , Xksk [k], Xl1 [l], . . . , Xlsl [l]}
is an exceptional sequence. This induces an order on X+ so that the Ext-projectives in X+ form an exceptional
sequence. Finally, we order the elements of X+ ∪ X− as an exceptional sequence by setting X < Y if X ∈ X− and
Y ∈ X+. This completes the proof of (a).
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(b) By [14] (2.1), for each indecomposable Ext-projective Mi in U , the algebra EndDb(H)(Mi ) is a field. Let
M1, . . . ,Ms be pairwise non-isomorphic indecomposable Ext-projectives in U , and M = ⊕si=1 Mi . By [19] (3.5), we
have K0(Db(H)) ' Zs ⊕ K0(M⊥). Hence s ≤ rkK0(Db(H)) = rkK0(H) and (b) follows. 
Example 2.4. We give an example of a suspended subcategory without Ext-projectives in Db(H), whenH = mod H
and H is a representation-infinite hereditary algebra. By [12], the Auslander–Reiten quiver of Db(H) is of the form
· · · C−1 R−1 C0 R0 C1 · · ·
where the Ci (i ∈ Z) are transjective components, and theRi (i ∈ Z) are families of regular components (each being
a family of stable tubes, or of components of the form ZA∞, according as H is tame or wild, respectively). We use
the following notation from [20]: let C, C′ denote classes of objects in Db(H) such that HomDb(H)(C ′,C) = 0 for all
C ′ ∈ C′ and C ∈ C, then C ∪ C′ stands for the class of objects whose indecomposables belong to C or C′. Let U be the
full additive subcategory of Db(H) generated byR0 ∪ C1 ∪R1 ∪ C2 ∪ · · ·. Then U is suspended (because it is closed
under successors and Ci [ j] = Ci+ j ,Ri [ j] = Ri+ j ) but has no Ext-projective: indeed, if X is an indecomposable
Ext-projective in U then τ X ∈ U⊥ (by 1.5) and thus U and U⊥ intersect the same component of Db(H) which is
impossible, because U⊥ is the full additive subcategory generated by · · ·R−2 ∪ C−1 ∪R−1 ∪ C0. 
3. Ext-projectives and silting complexes
Silting complexes were introduced in [17] in order to study t-structures in the derived category of a hereditary
algebra (see also [11,21]).
Let T be a triangulated category. An object M ∈ T is called a silting object if HomT (M,M[l]) = 0 for all l > 0.
Recall from [10] that, if U,V are full additive subcategories, thenW = U ∗V denotes the full additive subcategory
consisting of all the objects Y ′ such that there exists an object Y = Y ′ ⊕ Y ′′ and a triangle X → Y → Z → X [1]
with X ∈ U and Z ∈ V .
We also need to recall a well-known construction for the smallest suspended subcategory UM containing a given
object M . Denote by
E+0 = add(⊕ j≥0 M [ j])
the full subcategory of T with objects the direct summands of finite direct sums of copies of non-negative translates
of M . If j > 0 and E+0 , E+j−1 are known we set E+j = E+0 ∗ E+j−1. It is then seen that UM is equal to UM = ∪ j≥0 E+j .
The dual construction is also useful. Let E−0 = add(⊕ j≤0 M [ j]) be the full subcategory of T with objects the
direct summands of finite direct sums of copies of non-positive translates of M . If j < 0 and that E−0 , E−j+1 are known
we set E−j = E−0 ∗ E−j+1. The smallest cosuspended subcategory MU containing M is equal to MU = ∪ j≤0 E−j .
We construct in a similar way the smallest triangulated subcategory BM (or MB) of T containing a given object
M , considering all possible translates of M , instead of the positive ones (or negative ones, respectively), see [6].
The orthogonal subcategories U⊥M and ⊥MU have the following easy characterizations:
• X ∈ U⊥M (or X ∈ B⊥M ) if and only if HomT (M[ j], X) = 0 for all j ≥ 0 (for all j ∈ Z, respectively).
• X ∈ ⊥MU (or X ∈ ⊥MB) if and only if HomT (X,M[ j]) = 0 for all j ≤ 0 (for all j ∈ Z, respectively).
Lemma 3.1. Let A be a finite dimensional k-algebra of finite global dimension and M ∈ Db(mod A) be a silting
complex. Then:
(a) M is Ext-projective in UM .
(b) M is Ext-projective in ⊥τMU .
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Proof. (a) By the construction above, for every X ∈ E+0 , we have HomDb(mod A)(M, X [1]) = 0. Suppose that
HomDb(mod A)(M, X [1]) = 0 for all X ∈ E+i with i < j and let Y ′ ∈ E+j . Then there exist Y = Y ′ ⊕ Y ′′
and a triangle X → Y → Z → X [1] where X ∈ E+0 and Y ∈ E+j−1. Applying HomDb(mod A)(M,−) to this
triangle yields HomDb(mod A)(M, Y [1]) = 0 and hence HomDb(mod A)(M, Y ′[1]) = 0. This completes the proof.
(b) By an induction similar to the one used in (a), we get V ∈ ⊥τMU if and only if HomDb(mod A)(V, τM[−i]) = 0
for all i ≥ 0. That is, if and only if DHomDb(mod A)(M, V [i + 1]) ' HomDb(mod A)(V [i], τM) = 0 for all i ≥ 0,
or equivalently, if and only if HomDb(mod A)(M, V [ j]) = 0 for all j > 0. Setting V = M yields M ∈ ⊥τMU .
Moreover, M is Ext-projective in ⊥τMU since the same equivalence shows that HomDb(mod A)(M, V [1]) = 0 for all
V ∈ ⊥τMU . 
Corollary 3.2. LetH be a hereditary abelian category. Let M = ⊕si=1 Mi be a silting complex in Db(H) with the Mi
indecomposable and pairwise non-isomorphic. Then
(a) The Mi can be ordered to form an exceptional sequence.
(b) The smallest suspended subcategory UM (or triangulated subcategory BM ) containing M is an aisle (or a
Bousfield localization, respectively) in Db(H).
Proof. (a) By (3.1) the Mi are indecomposable Ext-projectives in the suspended subcategory UM . We then apply
Theorem 2.3.
(b) This follows from (a) and [19,9]. 
In the situation of (3.1) the Ext-projectives in UM correspond to the projectives in the heart CUM = UM ∩ U⊥M [1],
which is a module category by [11] Chap. III (3.3) (3.4). The following statement should be compared with [4] (1.3).
Theorem 3.3. Let A be a finite dimensional k-algebra of finite global dimension and M be a silting complex in
Db(mod A). The suspended subcategories having M as Ext-projective form a partially ordered set under inclusion.
This set has UM as unique minimal element and ⊥τMU as unique maximal element. Moreover, UM = ⊥τMU if and only
if M is a generator of Db(mod A).
Proof. By (3.1), since M is a silting complex, then M is Ext-projective in UM and in ⊥τMU . Now, let U be a suspended
subcategory of Db(mod A) in which M is Ext-projective. Then UM ⊂ U . On the other hand, by (1.5), τM ∈ U⊥,
hence τMU ⊂ U⊥. The first statement follows from
UM ⊂ U ⊂ ⊥(U⊥) ⊂ ⊥τMU .
Now, suppose that UM = ⊥τMU . In order to show that M is a generator, assume that HomDb(mod A)(M[ j], X) = 0,
for all j ∈ Z. In particular, X ∈ U⊥M . On the other hand, HomDb(mod A)(M[ j], X) = 0 for all j < 0 implies
HomDb(mod A)(X, τM[ j + 1]) ' DHomDb(mod A)(M[ j], X) = 0 for all j < 0, and then X ∈ ⊥τMU = UM . Therefore,
X ∈ U⊥M ∩ UM = {0} and we are done.
Conversely, suppose that M is a generator in Db(mod A). By the proof of (3.1) above, X ∈ UM if and only
if HomDb(mod A)(M[ j], X) = 0 for all j < 0. Using the Auslander–Reiten formula, X ∈ UM if and only if
HomDb(mod A)(X, τM[ j + 1]) = 0 for all j < 0, that is, if and only if, X ∈ ⊥τMU . 
Corollary 3.4. Let M be a partial tilting complex in Db(mod A). Then M is a tilting complex if and only if
UM = ⊥τMU .
Proof. This follows from Theorem 3.3 and the definition. 
Corollary 3.5. If M = ⊕si=1 Mi is a silting complex in Db(mod A) then
1. UM ⊂ ∩si=1 ⊥τMiU .
2. If, moreover, M is a generator, then UM = ∩si=1 ⊥τMiU .
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Proof. (a) Since M is a silting complex then, for each i , we have HomDb(mod A)(Mi ,M[ j]) = 0 for all j > 0. Hence,
by the proof of (3.1), M ∈ ⊥τMiU for each i , so M ∈ ∩si=1 ⊥τMiU . The statement follows.
(b) Assume that M is a generator. By (3.3), UM = ⊥τMU . Now, X ∈ ⊥τMU if and only if, for each j < 0, we have
HomDb(mod A)(X, (τM)[ j]) = ⊕si=1 HomDb(mod A)(X, (τMi )[ j]) = 0
that is, if and only if, for all i with 0 ≤ i ≤ s and all j < 0, we have
HomDb(mod A)(X, (τMi )[ j]) = 0.
This is equivalent to saying that X ∈ ⊥τMiU for all i . 
Example 3.6. Let A be the path algebra of the Dynkin quiver
ﬀ ﬀ ﬀ1• 2• 3• 4•
and let M = P(3)⊕ P(4) be the direct sum of the indecomposable projective modules corresponding to the points 3
and 4. We draw the Auslander–Reiten quiver of Db(mod A) in which we show the subcategories UM and ⊥τMU .
Here, UM consists of P(3), P(4) and all the complexes inside the small triangles. The heart UM ∩ U⊥M [1] of the
corresponding t-structure is the module category of the path algebra of the Dynkin quiver A2. Also, while P(3) and
P(4) are the only Ext-projectives in UM , the aisle ⊥τMU (which coincides with the canonical aisle) has two more
Ext-projectives, namely P(1) and P(2).
4. Deconstructing aisles
We first see a procedure for restricting aisles. As before, H is a hereditary abelian category with tilting object. In
this case, Auslander–Reiten duality holds (as observed in Section 2).
Lemma 4.1. Let U be a suspended subcategory in Db(H) and let (Mi )mi=1 be a set of indecomposable, pairwise
non-isomorphic Ext-projectives in U . Let s < m and M = ⊕si=1 Mi .
(a) If j > s, then M j is Ext-projective in U ∩ B⊥M .
(b) If U is an aisle in Db(H) then U ∩ B⊥M is an aisle in B⊥M .
Proof. (a) By (2.3), the Mi can be ordered to form an exceptional sequence. Then, by definition,
HomDb(H)(Mi [l],M j ) = 0 for all i ≤ s and all l ∈ Z. Consequently, HomDb(H)(M[l],M j ) = 0 for all l ∈ Z.
This implies M j ∈ B⊥M , so M j ∈ U ∩ B⊥M . Since M j is Ext-projective in U , it is clearly so in U ∩ B⊥M .
(b) Let Y ∈ B⊥M . Since U is an aisle in Db(H), there exists a triangle X → Y → Z → X [1] with X ∈ U and Z ∈ U⊥.
Applying HomDb(H)(M,−) to this triangle yields, since Y ∈ B⊥M , an isomorphism
HomDb(H)(M[ j], X) ' HomDb(H)(M[ j + 1], Z)
for each j ∈ Z. Since M is Ext-projective in U , we have HomDb(H)(M[ j], X) = 0 for all j < 0, hence
HomDb(H)(M[ j+1], Z) = 0 for all j < 0. Since, on the other hand, Z ∈ U⊥, we have HomDb(H)(M[ j+1], Z) =
0 for all j ≥ −1. This shows that HomDb(H)(M[ j], Z) = 0 for all j ∈ Z and thus Z ∈ U⊥ ∩ B⊥M . Now, this is
equivalent to saying that Z ∈ B⊥M and HomDb(H)(U, Z) = 0 for all U ∈ U . In particular, HomDb(H)(U, Z) = 0
for all U ∈ U ∩ B⊥M and therefore Z belongs to the right orthogonal, inside B⊥M (!) of U ∩ B⊥M . 
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We now prove our second theorem inspired from [4], (Theorem (A)).
Theorem 4.2. Let U be a suspended subcategory of Db(H) and M be an object in Db(H). Then
(a) M is a silting complex if and only if M is Ext-projective in UM ∗ (U ∩ B⊥M ).
(b) The following conditions are equivalent:
(i) M is Ext-projective in U .
(ii) U = UM ∗ (U ∩ B⊥M ) and M is a silting complex.
(iii) U = UM ∗ (U ∩ B⊥M ) and U⊥ = (U⊥ ∩ B⊥M ) ∗ τMU .
Proof. (a) We first assume that M is a silting complex inDb(H) and prove that M is Ext-projective in UM ∗(U∩B⊥M ).
Let Y ′ ∈ UM ∗ (U ∩ B⊥M ). Then there exist Y = Y ′ ⊕ Y ′′ and a triangle
X → Y → Z → X [1]
with X ∈ UM and Z ∈ B⊥M ∩ U . Applying HomDb(H)(M,−) yields an exact sequence
HomDb(H)(M, X [1]) → HomDb(H)(M, Y [1]) → HomDb(H)(M, Z [1]).
Since, by (3.1), M is Ext-projective in UM we have HomDb(H)(M, X [1]) = 0. Since Z ∈ B⊥M , we also have
HomDb(H)(M, Z [1]) = 0. Therefore, HomDb(H)(M, Y [1]) = 0 and so HomDb(H)(M, Y ′[1]) = 0. This shows
that M is Ext-projective in UM ∗ (U ∩ B⊥M ).
Conversely, if M is Ext-projective in UM ∗ (U ∩ B⊥M ), it is clear that M is a silting complex.
(b) (i) implies (ii). Assume M is Ext-projective in U . Since M ∈ U , then UM ⊂ U and U ∩ B⊥M ⊂ U so that
UM ∗ (U ∩ B⊥M ) ⊂ U . The Ext-projectivity of M shows that it is a silting complex, then UM is an aisle (by (3.2)).
Now, let Y ∈ U , there is a triangle X → Y → Z → X [1] such that X ∈ UM and Z ∈ U⊥M . It suffices to show
that, actually, Z ∈ U ∩ B⊥M . Since X, Y ∈ U , then Z ∈ U because U is closed under extensions. In order to
prove that Z ∈ B⊥M , we must prove that HomDb(H)(M[ j], Z) = 0 for all j ∈ Z. This certainly holds for j ≥ 0,
because Z ∈ U⊥M . The Ext-projectivity of M in U shows that it holds as well as for j < 0. This proves that
UM ∗ (U ∩ B⊥M ) = U .
(ii) implies (iii). By (a) and (1.5) we have τM ∈ U⊥, hence τMU ⊂ U⊥. Since U⊥ ∩ B⊥ ⊂ U⊥, we have
(U⊥ ∩ B⊥M ) ∗ τMU ⊂ U⊥.
Conversely, let Y ∈ U⊥. Since τMU is a co-aisle (by the dual of (3.2)) there exists a triangle
X → Y → Z → X [1]
such that X ∈ ⊥τMU and Z ∈ τMU . We claim that, actually, X ∈ U⊥ ∩ B⊥M . Since Z , Y ∈ U⊥, then X ∈ U⊥. In
order to prove that X ∈ B⊥M , we must prove that HomDb(H)(M[ j], X) = 0 for all j ∈ Z. Since X ∈ ⊥τMU , we
have
HomDb(H)(M[ j − 1], X) ' DHomDb(H)(X, τM[ j]) = 0,
for all j ≤ 0. On the other hand, for all j ≥ 0, we have M[ j] ∈ U while X ∈ U⊥, so that HomDb(H)(M[ j], X)
= 0. This shows that U⊥ = (U⊥ ∩ B⊥M ) ∗ τMU .
(iii) implies (i). From the existence of the triangle M → M → 0→ M[1], it follows that M ∈ UM∗(U∩B⊥M ) = U ,
and from the existence of the triangle 0 → τM → τM → 0, it follows that τM ∈ (U⊥ ∩ B⊥M ) ∗ τMU = U⊥.
Invoking (1.5) concludes the proof. 
Corollary 4.3. Let U be a suspended subcategory in Db(H) and let M = ⊕si=1 Mi be Ext-projective in U , with the
Mi indecomposable and pairwise non-isomorphic. Then
U = UM1 ∗ · · · ∗ UMs ∗ (U ∩ B⊥M ).
Proof. By induction on s. If s = 1, this is Theorem 4.2. Assume that the statement holds for s − 1, then
U = UM1 ∗ · · · ∗ UMs−1 ∗ (U ∩ B⊥N ), with N = ⊕s−1i=1 Mi . By definition of exceptional sequence, Ms ∈ B⊥N . Applying
(4.2) yields U ∩ B⊥N = UMs ∗ (U ∩ B⊥N ∩ B⊥Ms ) = UMs ∗ (U ∩ B⊥M ). The statement follows. 
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Corollary 4.4. Let U be an aisle in Db(H) and let M = ⊕si=1 Mi be Ext-projective in U , with the Mi indecomposable
and pairwise non-isomorphic. Then s = rkK0(H) if and only if M is a generator of Db(H). Moreover, if this is the
case, then U = UM = UM1 ∗ · · · ∗ UMs .
Proof. By (2.3), the objects (Mi )si=1 can be assumed to form an exceptional sequence. Hence, by [19] (3.4), (3.5),
K0(H) ' K0(Db(H)) ' K0(BM )⊕ K0(B⊥M ) ' Zs ⊕ K0(B⊥M ).
On the other hand, by [8], proof of Theorem 1, there exists a hereditary categoryH′ such that B⊥M ' Db(H′). Hence
K0(B⊥M ) ' K0(Db(H′)) ' K0(H′).
Thus by [16], K0(B⊥M ) = 0 if and only if B⊥M = 0. Now, s = rkK0(H) if and only if K0(B⊥M ) = 0, thus, if and only
if B⊥M = 0 or equivalently, if and only if BM = Db(H), that is, if and only if M is a generator of Db(H). The second
statement follows from (4.3) and the fact that B⊥M = 0. 
Corollary 4.5. The aisles in Db(H) having exactly rkK0(H) isomorphism classes of indecomposable Ext-projectives
are in bijective correspondence with the silting complexes with rkK0(H) isomorphism classes of indecomposable
summands in Db(H).
Proof. Let U be an aisle in Db(H) having exactly rkK0(H) isomorphism classes of indecomposable Ext-projective
objects M1, . . . ,Ms . Setting M = ⊕si=1 Mi , we have U = UM , by (4.4). Conversely, if M = ⊕si=1 Mi is a silting
complex with s = rkK0(H) then, by (3.2), UM is an aisle and, by (3.1), the Mi are indecomposable Ext-projectives in
UM . Moreover, by (2.3)(b), the number of isomorphism classes of indecomposable Ext-projectives in UM is bounded
by rkK0(H) = s. 
Example 4.6. Let A be as in the Example 3.6 and let X, Y, Z ,W be the indicated objects in Db(mod A). Then
M = X ⊕ Y ⊕ Z ⊕W is a silting complex, which is not tilting, because HomDb(mod A)(X,W [−1]) 6= 0.
Also EndAM is the product of two connected components, one equal to k, and the other the path algebra of the
quiver
ﬀ ﬀ1• 2• 3•
In particular, EndAM and A are not derived equivalent.
5. Application to left supported algebras
We illustrate our techniques by characterizing a class of algebras by properties of aisles. Namely, these are the
left supported algebras, introduced in [3] and studied in [2]. Let A be a finite dimensional k-algebra, and ind A be a
full subcategory of mod A consisting of exactly one representative from each isomorphism class of indecomposable
A-modules. Given L ,M ∈ ind A, we say that L is a predecessor of M , or that M is a successor of L , if there exists a
sequence of non-zero morphisms
L = L0 → L0 → L1 → · · · → L t = M
with L i ∈ ind A for all i . Following [16], let LA (orRA) be the class of all M ∈ ind A all of whose predecessors have
projective dimension at most one (or all of whose successors have injective dimension at most one, respectively).
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An algebra A is left supported if addLA is contravariantly finite in mod A. Let F be the direct sum of all
indecomposable projective A-modules not in LA, E1 be the direct sum of all L ∈ LA such that HomA(DA, L) 6= 0,
and E2 be the direct sum of all L ′ ∈ ind A − addE1 such that HomA(F, τ−1A L ′) 6= 0. Then E = {X ∈ ind A|X ∈
add(E1 ⊕ E2)} is the class of all indecomposable Ext-injectives in addLA (see [3] (3.1), [5] (3.2)). The module
T = E1 ⊕ E2 ⊕ F is a partial tilting module (see [3] (3.3)) and is tilting if and only if A is left supported ([3],
(Theorem (A))). In this case, the corresponding torsion-free class is F(T ) = add(LA − E), by [3] (4.1).
Following [2], let R0 be the class of all indecomposable A-modules which are successors of injectives. Then
R = E1 ⊕ τ−1A E2 ⊕ F is the direct sum of all indecomposable Ext-projectives in R0, by [2] (5.3). It is a
partial tilting module [2] (5.4) and it is tilting if and only if A is left supported, or equivalently, if and only if
R0 = {X ∈ ind A|HomA(R, X) 6= 0}, see [2], Theorem (B).
Lemma 5.1. With the above notation, we have
U⊥T ∩mod A = F(T )
as subcategories of Db(mod A).
Proof. By the definition of right orthogonal, X ∈ U⊥T ∩mod A if and only if, for all j ≥ 0,HomDb(mod A)(T [ j],M) =
0. That is, if and only if HomA(T,M) = 0, or if and only if X ∈ F(T ). 
Theorem 5.2. With the above notation, the following conditions are equivalent for an Artin algebra A,
(a) A is left supported
(b) U⊥T ∩mod A = add(LA − E).
(c) UR ∩mod A = addR0.
Proof. (a) implies (b). Follows from the above lemma and [3] (4.1).
(b) implies (a). We prove that T = E1 ⊕ E2 ⊕ F is a tilting module. Since T is a partial tilting module, and
by hypothesis (and the above lemma) F(T ) = add(LA − E), then the corresponding torsion class is T (T ) =
ind A−(LA−E). Let I be an indecomposable injective A-module. If I ∈ LA, then I ∈ E . Therefore I ∈ T (T ). Since
T (T ) contains all injectives, and is generated by a module, then it is induced by a multiplicity-free tilting module X
(see [1]). To complete the proof, we show that X = T . It is known that X is Ext-projective in T (T )(= T (X)). Let Y
be indecomposable Ext-projective in T (T ). We have two cases:
(1) If Y is not projective, then τAY ∈ LA − E (by [7] (3.7)) and Y 6∈ LA − E . Assume Y 6∈ LA then τAY ∈ LA
and Y = τ−1A (τAY ) 6∈ LA implies τAY ∈ E (because E consists of the Ext-injectives in addLA), and this is a
contradiction. Hence Y ∈ LA. Since Y 6∈ LA − E , then Y ∈ E .
(2) If Y is projective, there are again two cases. If Y 6∈ LA then Y ∈ addF . If Y ∈ LA then Y ∈ E because Y ∈ T (T ).
This shows that Y ∈ add T . Then add X ⊂ add T , see [1], then add T ⊂ add X . Hence add X = add T . Since X
and T are multiplicity-free, then X = T , and T is a tilting module.
(a) implies (c). We claim that UR ∩ mod A = {M ∈ mod A|Ext1A(R,M) = 0}. Let X ∈ UR ∩ mod A,
then HomDb(mod A)(R[ j], X) = 0 for all j < 0. In particular, HomDb(mod A)(R[−1], X) = Ext1A(R, X) = 0.
Conversely, let X be such that Ext1A(R, X) = 0. Since the projective dimension of R is at most 1, we have
HomDb(mod A)(R[ j], X) = 0 for all j < 0. Since R is a tilting module (because A is left supported), it is a generator
of Db(mod A) and hence UR = {X ∈ Db(mod A)|HomDb(mod A)(R, X [ j]) = 0 for all j > 0}, see [6] (2.2). Thus
X ∈ UR ∩mod A and we have proved our claim.
By [2], A is left supported if and only if addR0 = {M ∈ mod A|Ext1A(R,M) = 0}. Hence UR ∩mod A = addR0.
(c) implies (a). We prove that R0 = {X ∈ ind A|HomA(R, X) 6= 0}. Let X ∈ R0 then, by hypothesis, X ∈ UR . In
particular, X 6∈ U⊥R . Then there exists j ≤ 0 such that HomDb(mod A)(R, X [ j]) 6= 0. Conversely, if HomA(R, X) 6= 0
then, since R ∈ R0, andR0 is closed under successors, then X ∈ R0. 
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